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We study the measurement-induced enhancement of the spontaneous decay (called quantum anti-Zeno ef- 
fect) for a two-level subsystem, where measurements are treated as couplings between the excited state and an 
auxiliary state rather than the von Neumann's wave function reduction. The photon radiated in a fast decay of 
the atom, from the auxiliary state to the excited state, triggers a quasi-measurement, as opposed to a projection 
measurement. Our use of the term "quasi-measurement" refers to a "coupling-based measurement". Such fre- 
quent quasi-measurements result in an exponential decay of the survival probability of atomic initial state with 
a photon emission following each quasi-measurement. Our calculations show that the effective decay rate is of 
the same form as the one based on projection measurements. What is more important, the survival probability of 
the atomic initial state which is obtained by tracing over all the photon states is equivalent to the survival prob- 
ability of the atomic initial state with a photon emission following each quasi-measurement to the order under 
consideration. That is because the contributions from those states with photon number less than the number of 
quasi-measurements originate from higher-order processes. 

PACS numbers: 03.65.Xp, 03.65.Yz 
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I. INTRODUCTION 

In the quantum Zeno effect (QZE) (see, e.g., |lll-@]) frequent 
measurements inhibit atomic transitions for a closed system. 
In the quantum anti-Zeno effect (QAZE), atomic decays can 
be accelerated by frequent measurements, when the observed 
atom also interacts with a heat bath with some spectral distri- 
bution JTI-USll. This QAZE has been extensively studied for 
various cases, such as the QAZE without the rotating-wave 
approximation II13I - U6I1 and in an artificial bath 1 10]. The con- 
ventional explorations for the QAZE as well as the QZE need 
to invoke the von Neumann's wave function collapse 1 17] for 
quantum measurements, namely the projection measurement 
postulate. Thus, the QAZE seems to depend on a particular 
quantum mechanical interpretation specified by this collapse 
postulate. 

However, even though the collapse postulate has been ex- 
tensively used in the past, some researchers do not believe it 
is necessary for quantum mechanics. There exist other in- 
terpretations, such as the ensemble interpretation ]18]. In 
this sense, it is necessary to develop a quantum-mechanical- 
interpretation-independent approach to the QAZE. 

To this end, we draw lessons from the dynamic explanations 
for the QZE Ill9y22ll. After the QZE was proposed by Misra 
and Sudarshan (&], it was recognized li23i] that the QZE could 
be mimicked by strong couplings to an external agent, which 
carried out a coupling-based detection. Then, an experiment 
II24I1 observing the QZE was explained ] 19] in such a dynamic 
fashion. Therein, all the phenomena were only described by 
the unitary evolution governed by the Schrodinger equation 
for the whole system. Later on, to further develop this dy- 
namic interpretation of the QZE, Pascazio et al. VM and 
Sun et al. 11261 12711 explicitly used the decoherence model of 
quantum measurement, where the couplings to the apparatus 
only decohered the phases of the system rather than changed 
the system's energy. This measurement model is essentially a 



non-demolition measurement 11281 129(1 . 

Following these dynamic approaches for the QZE, we now 
develop a quantum dynamic theory for the QAZE without 
reference to projection measurements or the collapse postu- 
late. To illustrate our main idea, we use an example, a two- 
level subsystem coupled to an auxiliary state to form a cas- 
cade configuration. Due to the couplings to the reservoir, the 
excited state spontaneously decays to the ground state. Af- 
ter a short interval, the remaining population of the excited 
state is coherently pumped into the auxiliary state by a strong 
laser. Then, it returns to the excited state by a fast sponta- 
neous decay and a photon is emitted simultaneously. At this 
stage, a quasi-measurement is realized. Here, the term quasi- 
measurement refers to a coupling-based measurement in con- 
trast to the usual projection measurement. The correlation of 
the atomic initial state and the orthogonal states with two or- 
thogonal states of the environment is produced in such a pro- 
cess. We call it quasi-measurement since it can be viewed 
as the first (unitary) stage of the measurement process. Sim- 
ilar to the conventional approach, based on the collapse pos- 
tulate, the effective decay rate of the survival probability with 
one photon emitted following each pulse in the presence of 
such quasi-measurements is given by the overlap integral of 
the measurement-induced level-broadening function and the 
interacting spectral distribution. As different photon states 
may not be distinguished in a realistic experiment, the survival 
probability of the atomic initial state after n repetitive quasi- 
measurements, which can be obtained by tracing over all the 
photon states, can be taken into consideration. Since the con- 
tributions from photon states other than n are due to higher- 
order processes, they lead to a small correction to the final re- 
sult and can be omitted under the weak-coupling approxima- 
tion in the short-time regime. Thus, the result for the projec- 
tion measurements is recovered with the quasi-measurements. 

The paper is organized as follows. In the next section, we 
describe the physical setup to realize the dynamic QAZE. In 
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FIG. 1: (Color online) Energy level diagram for the three processes 
considered here: (a) the spontaneous decay from the excited state |2) 
to the ground state |1), (b) a coherent transition with Rabi frequency 
Q between j2) and the auxiliary state |3) by laser pumping, and (c) a 
fast spontaneous decay from |3) to |2) with a photon emitted in I71). 
Here, the eigenenergies for the excited state and the auxiliary state 
are UI2 and ws, respectively. 
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FIG. 2: (Color online) The pulse sequence for demonstrating the 
QAZE by a quasi-measurement (i.e., avoiding projection measure- 
ments). Here, U stands for the spontaneous decay from |2) to |1). 
Also, H^ is a quasi-measurement which is alternatively present and 
absent for a duration tp and r, respectively. 



Sec. Uni the effective decay rate of the survival probability 
with a photon emission following each pulse is obtained for 
repetitive quasi-measurements with a strong-intensity laser 
The same result is also attained for the survival probability 
of the atomic initial state. Finally, we summarize the main 
results of the paper in Sec. |IVl In order to make the paper 
self-consistent for reading, we present the detailed calculation 
for the free evolution under the short-time approximation in 
AppendixlAl 



11. MODEL SETUP 

We consider the QAZE for a three-level atom with the cas- 
cade configuration depicted in Fig. [nb,c). We mainly focus 
on the QAZE concerning a subsystem with the ground state 
|1) and the excited state |2). Since these two levels are cou- 
pled to a reservoir, there would be natural spontaneous decay 
from |2) to 1 1) if the subsystem were not coupled to other dy- 
namic agents. In this process with duration t, the total system 
is governed by the Hamiltonian 



H = J2^kalak+uj2 |2) (2| + ^gfe(4 |1) (2|+H.c.), (1) 

k k 

where ak {a\) is the annihilation (creation) operator for the 
reservoir's fcth mode with frequency w^, W2 the eigenenergy 
for the excited state |2), and gk the coupling constant between 
the fcth mode and the transition between |1) and |2), which is 
assumed to be real for simplicity. We assume loi = 0. Notice 
that we have applied the rotating-wave approximation Il30ll to 
the above Hamiltonian ([T]). 

In order to perform a quasi-measurement, we avoid the 
collapse-postulate, as also done, e.g., in Refs. 11191 l20l 12311 . 
where the quasi-measurement involved coherently coupling 
the measured state to an external agent, e.g., an additional en- 
ergy level |3). In this sense, a quasi-measurement is the first 
(unitary) stage of the measurement process, providing an en- 
tanglement between the system and the apparatus. A quantum 
measurement in this approach is implemented by an alterna- 



tive coupling lasting for tp between |2) and |3) with eigenen- 
ergy W3, which is described by 



H' = ^cjfe4afe+cj2|2)(2|+cj3|3)(3| 

k 

+f7cosAt(|2)(3| + |3)(2|), 



(2) 



where Vt is the Rabi frequency between |2) and |3). Hereafter, 
we focus on the resonance case, i.e.. 



CJ = A = CJs — UJ2- 



(3) 



When the resonant coupling laser is applied between |2) and 
|3), we can disregard the spontaneous decay between the aux- 
iliary state 1 3) and the excited state |2) for a very strong laser, 
i.e., ri 3> r with r being the decay rate from |3) to |2). Then, 
when the coupling laser is turned off, the population of the 
state |3) will quickly return to |2), with a photon 7 produced 
by the spontaneous decay, i.e.. 



^12, 



71) 



(4) 



where |3, w) — |3) \v) is the product state of the atomic aux- 
iliary state |3) and the vacuum \v) for the reservoir, |7„) de- 
notes the state with n photons in the 7 mode. At this stage, the 
quasi-measurement is completed. Then, the subsystem alter- 
natively evolves freely and is "measured" through laser pump- 
ing. The time sequence for the entire course is schematically 
shown in Fig.|2l 

Here, we assume the duration l/F for the fast spontaneous 
decay from the auxiliary state |3) to the excited state |2) to be 
much smaller than the one for the spontaneous decay from |2) 
to |1), i.e., 1/r <C T. In this case, we can omit the dynamic 
evolution between |2) and |1) induced by the finite couplings 
to the reservoir when the fast spontaneous decay from the aux- 
iliary state 1 3) to the excited state |2) occurs. 



III. DYNAMICAL APPROACH TO THE ANTI-ZENO 
EFFECT 

In the previous section, we described a dynamical approach 
to study the QAZE. We emphasize that in our approach there 



is no wave-function-reduction postulate involved, and the uni- 
tary evolution of both the two-level subsystem and the measur- 
ing apparatus is depicted by means of the Schrodinger equa- 
tion. Let us first describe the two basic processes U and W 
schematically illustrated in Fig. |2] 



where we have dropped the fast-oscillating terms including 
the factors exp(±j2At). 

Now we assume the transformed wave function to be 

\^'{t)) ^A\2,v)+J2 Bk |1, k) + C |3, v) . (11) 



A. Spontaneous decay or [/-process from i = to r 

For the spontaneous decay between the excited state and the 
ground state, governed by the Hamiltonian ([U, we assume the 
wave function of the total system to be a superposition of two 
kinds of single-excitation states, i.e., 

|v|/(t))=a(i)|2,«)+^/3fe(t)|l,fc), (5) 

k 

where |2, u) — |2) \v) is the product state of the atomic excited 
state |2) and the vacuum \v) for the reservoir, |1, A:) = |1) \k) 
the product state of the atomic ground state |1) and the single- 
excitation state \k) in the fcth-mode of the reservoir It follows 
from the Schrodinger equation i^t |*(t)) = H \^{t)) that the 
coefficients a{t) and Pk{i) in Eq- © satisfy 



la 



ijJ2 



a + ^gkPk, 



i/3k = iOkl3k+ gk a. 



(6a) 



(6b) 



Under the short-time approximation, the solutions to the 
above equations become IBlll 



a{t) = a(0) 



E 



9k 



UJ2 -OJk 



-iuJ2t 



k 



gkPk{Q)ht{L02 -~^k)e 



— iuj2i 



(7a) 



f3k{t) = /3fc(0)e-*'^'=* + a{0)gkht{oj2 - Wfe)e"'"'*, (7b) 
where 



1 



htiuj) = - (e'-* - 1) . 
The detailed calculations are presented in AppendixlAl 



(8) 



B. Quasi-measurement or VF-process from t = t to r + tp 

In the quasi-measurement process, a strong laser field is ap- 
plied to induce the transition between the excited state |2) and 
the auxiliary state |3) [see Fig.lHb)]. With a unitary transfor- 
mation 



l^ = exp(-iAt|2)(2|), 



(9) 



the transformed wave function |^'(t)) = VF |^(i)) is gov- 
erned by the effective Hamiltonian iJoff = WH'W^ — 
iWdtW\ which reads 



HeS 



J2^kalak+u;3 |2) (2|+l^3 |3) (3| + ^(|2) (3|+H.c.), 

k 

(10) 



Then the original wave function |^(<)) = W ^ |^'(t)) can 
be written as 

|*(t)) - Ae'^' |2, v)+J2 Bk \l,k) + C |3, v) . (12) 



According to the Schrodinger equation for the transformed 
wave function idt \^'{t)) = H^s {'^'{t)), we obtain the fol- 
lowing system of differential equations 

n 





iA = uj2A+-Ce^''^\ 


(13a) 


iBk - ^kBk, (13b) 


iC = usC+^Ae'^K (13c) 


The solutions are given by 


A{t) = 


A{0)cos^t-iC{0)sm^t 


e-*"^*,(14a) 


Bfc(i) = Bfc(0)e^*'^'=*, (14b) 


C{t) = 


C(0) cos -t - iA{0) sin -t 

A A 


e-*"^'*. (14c) 


Applying a 7r-pulse, i.e., a laser with duration 




''-~h- 


(15) 



drives the system to evolve into the state 

|*(ip)) =J2Bkitp) \l,k)+C{tp) \3,v) 

k 

where the coefficients 

dtp) = -iA{0)e-"^'''- 



(16) 



(17a) 
(17b) 



can be obtained from Eq. ( fT4b . Here, we have assumed 
there is no initial population in the auxiliary state, namely 
C(0) = 0, and thus A{tp) — 0. Afterwards, by means of 
a fast spontaneous decay, the state |3,w) decays into |2,7i) 
[see Fig.lifc)]. Therefore, a quasi-measurement is finished. 



C. Repetition of the decay and quasi-measurement processes 

Here, we will explicitly describe the complete process in- 
cluding the free evolution by U and the quasi-measurement by 
W. The total system is initially prepared in the excited state 
with the reservoir in the vacuum: |^(0)) = |2, v). Then, after 
a free evolution with period t, the state evolves into 

\q.{r)) = a(i'0)(r) |2, v) +J2 /?!''"' W \^,k), (18) 



where 



i(1'°)(t)= 



1+E^ 



, /It-(w2 — ^k) — iT 



Pk {'T)^9kK{'^2 -Wfe)e 



UJ2 - LOk 



^(19a) 



(19b) 



Applying a strong laser forces the system to evolve into 

\^>{t + t,)) = C{tp) |3,«) + Y. /5^°'(^) 11' ^) (20) 



with 



C(ip) = -ia(i^")(^)e"*'''*''- 



(21) 



Later, through a fast spontaneous decay, the total system be- 
comes 



Afterwards, by means of a fast spontaneous decay it becomes 

k k 

+C2(ip)|2,72)+C(2^i)(ip)|2,7i). (26) 

Thus, the survival probability of the state |2) with pho- 
ton emissions following both pulses is |C^(tp)| . Here, we 
point out that this is different from the survival probability 
of the atomic initial state, which has an additional contribu- 
tion from |2,7i). In this dynamic approach for the QAZE, 
once a photon in the 7 mode is emitted right after a pulse, a 
quasi-measurement is finished. This means that the system is 
in the initial state before the quasi-measurement and still re- 
mains in its initial state after the quasi-measurement. For the 
case with two quasi-measurements, C^^'^-* (tp) corresponds to 
such a probability amplitude which decays to the ground state 
before the first quasi-measurement and returns to the excited 
state before the second quasi-measurement. 



At this stage, the first cycle is accomplished. The 
survival probability amplitude of the state |2) after one 
quasi-measurement is C{tp). Hereafter, for the sake of 
simplicity, we will label |^ (nr + (n — l)tp + {n — l)tj:)), 
\^ {nT + ntp + {n-l)td)), and |* (n (r + ij, + irf))) as 
|\I/„(1)), |\E'„(2)), and |^„(3)), respectively. In other words, 
l^n(j)) denotes the state after jth procedure in the nth cycle 
for n— 1, 2, • • • and j ~ 1, 2, 3. 

For the second cycle, after the free evolution, the total sys- 
tem is in the state 



1*2(1)) = C{tp) 



i'°)(r)|2)+5:/3r)(r)|l,fc) 



+a(^^'\T)%v)+Y.Pk'^\^)\^^^)- 



where the coefficients 

a(^^i)(r) = Y.W-'\r) 

k 

are determined by Eq. (|7]i with initial conditions 

a(2a)(0) = 0, /3fi)(0) = /3^°)(r). 
After another 7r-pulse, 



l7i) 
(22) 

(23a) 
(23b) 



1*2(2)) = C{tp) 



^/3(^'°)(r)|l,fc) + C(ip)|3) 



l7i) 



-^/3f^'(r)|l,fc) + C(2^intp)|3,t'), (24) 



where 



C(^^l)(t,) = -^;^[/3^)(, 



^-iuj^tp 



(25) 



D. Survival probability describing the antl-Zeno effect 

By means of mathematical induction, we can prove the 
wave function of the total system after n quasi-measurements 
to be of the following form 

n-l 

|vl,„(3)) = C^{tp) |2,7„) + Y. C^"''\tp) |2,7,) 

i=i 

+C-~\tp)YPi''°\r)\l,k)\^^_,) 

k 
n-1 

j=i k 



where 



c(-^-ni.)-EK"°^(-) 



(28) 



for j < n. Judging from the analysis made in the previous 
section, we may safely arrive at the conclusion that the sur- 
vival probability amplitude of the state |2) with photon emis- 
sions following n pulses is C^{tp). It is straightforward to 
calculate the survival probability as 



P2{t = nT) = \C{tp)\ 



(29) 



As a result, we observe an exponential decay of the sur- 
vival probability of the atomic initial state with photon emis- 
sion following each pulse, i.e., P2{t) — exp(— i?i). Here, the 
effective decay rate is 

/oo 
F(w, T)G(w)dcj, (30) 

-00 

where the interacting spectral distribution is 

G{u) = J29lK^~^k) = glp{^k)U=^, (31) 



with p{uj) being the density of state for uj, the measurement- 
induced level-broadening function 



100 



Fiu},T) = 2:^ sine ^ 



{u}2 - uj)t 



(32) 



Besides, we resort to the numerical simulation for the 2p- 
Is transition of hydrogen atom with the interacting spectral 
distribution 113211 



G{uj) 



rjuj 



i^+i^y 



(33) 



where rj = 6.435 x 10"^, uJc = 8.491 x 10^** rad/s. As shown 
in Fig.|3] the transition from the QAZE to the QZE, which is 
the same as the one predicted by the projection measurement 
I18D, is observed by varying the quasi-measurement interval t. 
Here, the short interval for the QZE is roughly of the order of 

1/wc iH. 

On the other hand, in a realistic experiment, on condition 
that the state 1 2, 7„) can not be distinguished from those states 
|2, 7j) with j less than n, the survival probability of the ini- 
tial state 1 2) is obtained by tracing over all the possible photon 
states. In this case, the survival probability of the atomic ini- 
tial state reads 



Plit)^\C-it,)f 



n-l 

E 



c("j)(tp; 



(34) 



As seen in Eq. ( I28I I. the contribution from the second term 
on the right hand side of Eq. ( l34b is of higher-order correction 
to the final result in the weak-coupling case. Thus, the survival 
probability of the atomic initial state including the contribu- 
tions from all the photon states also displays an exponential 
decay with the effective decay rate being of the same form in 
Eq. ( [30] l. This is a physical result and its reason will be pre- 
sented as follows. After the nth cycle, C'-"'^' (tp) is the proba- 
bility amplitude for |2, 7^), which stands for j photons emitted 
in n quasi-measurements. Take C^"'"^^^(<p) for an example. 
It corresponds to such a probability amplitude which decays 
into the ground state before one quasi-measurement and re- 
turns to the initial state before the next quasi-measurement. 
For the other n — 2 quasi-measurements, it always stays in the 
initial state before the quasi-measurements. Since the tran- 
sition probability amplitude between |2) and |1, fc) is gk, the 
probability amplitude for the atomic excited state to first de- 
cay into the ground state and then return is proportional to g^ . 

As a result, the corresponding probability |C'"'"~^-'(tp)| is 
of the order of g'j,. Similar analyses can also be applied to 

JC* (ip)| when j < n — 1. In a word, the second term 
on the right hand side of Eq. ( [34l l can be neglected due to its 
characteristics of higher-order correction. 

Since the above analysis is based on the weak-coupling ap- 
proximation, a natural question comes into our minds. That is 
under what condition the second term on the right hand side 
of Eq. ( |34] | can be disregarded. A straightforward calculation 
shows 



eK-"'w 



< 



ReE 



102 - IjJk 



(35) 
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FIG. 3: (Color online) The effective decay rate R{t) versus quasi- 
measurement interval r for the 2p-ls transition of the hydrogen atom 
witha;2 = 1.55 x 10^" rad/s. 



with Re(a;) being the real part of x. Here, the term on the right 
hand side of Eq. ( [35l ) corresponds to the second order term 
in Eq. ( |29] l. while the term on the left hand side of Eq. (l35b 
corresponds to the second term on the right hand side of 
Eq. ( [34] i. Mathematically speaking, the interacting spectrum 
G{uj) should be sufficiently broad and smooth. This is sim- 
ilar to the quantitative criterion obtained for the spontaneous 
decay to a continuum with photonic band gaps p?]. In the 
case with strong couplings, the return of the excitation from 
the final state may be significant for sufficiently-long times as 
already shown in Refs. Ii35n36il . where the free evolution was 
due to a classical field. 



IV. CONCLUSION 

In this paper, we investigated the QAZE for a two-level sub- 
system embedded in a three-level atom. Instead of consider- 
ing projection measurements, we studied quasi-measurements 
by pumping the population of the excited state to an auxil- 
iary state. Since the pumped population returns to the excited 
state by a fast spontaneous decay, the complete process of the 
quasi-measurement is finished. Along with the fast sponta- 
neous decay, there is a photon emitted in the corresponding 
mode. 

We found that the effective decay rate of the survival proba- 
bility still remains as the overlap integral of the measurement- 
induced level-broadening function and the interacting spectral 
distribution. Moreover, it is discovered that the survival prob- 
ability of the atomic initial state is the same as the survival 
probability of the atomic initial state with photon emission 
following each pulse since the difference between them leads 
to a higher-order correction. This is because the contribu- 
tions from the other photon states originate from higher-order 
processes. In conclusion, without projection measurements, 
we can observe the QAZE and the QZE by means of quasi- 
measurements. 

Generally speaking, the QZE and QAZE stem from fre- 
quent decoherence events, which destroy the off-diagonal 



density matrix elements. When the diagonal elements in the 
density matrix remain unchanged after these processes, the 
above decoherence is actually dephasing between the initial 
and final states, e.g., between the first and second terms on 
the right hand side of Eq. (|5]|. And the model in this paper 
is just of such kind. Other methods include measurements as 
in Refs. ll25l - l27[ l35l 13711 . and even a classical random field 
113811 . Note that the above decoherence can take effect due to 
not only dephasing, but also a destruction of the final states 
Qg. I39I1 . On the other hand, the decoherence can be sup- 
pressed by a train of ultrafast off -resonant optical pulses 114011 . 



We can integrate Eq. (IA4l l to have a formal solution for /3^(i), 



I.e., 



P',{t) = f3',{0)~z g,a'{t')e^("^'-^^''dt' 



I3',i0)-za\0) / 5fce'("--"^)*'di' 



/3fc(0) - a{0)gkht{ujk - ^2), 



(A5) 
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Appendix A: Time Evolution in Spontaneous Decay 



where in the second line we have used the short-time approxi- 
mation a'{t') ~ a'(0) and ht{uj) given by Eq. (HJ. By substi- 
tuting Eq. ( IA5l l into Eq. ( IA3b and making use of the short-time 
approximation, we have 






ia{Q) 



1 + E 



9k 



2ht{uj2 -LOk) - it 



y^gfc/3fc(o)^t(^2 



UJ2 -Ldk 



- Wfe) 



(A6) 



In this Appendix, we present the detailed calculations for 
the free evolution. By defining the slowly-varying variables 



a'{t) 



ae 



iuj2t 



(Al) 
(A2) 



P'k{t) = /3fce*-'=*, 
we obtain a system of simplified equations from Eq. ^ 

ia' = Y.gk/3'ke<^'-'^-^\ (A3) 

k 

iPl = gka'e-^'-'^'-^'^K (A4) 



In order to obtain the explicit forms of a and /3fc, we shall 
use the inverse transform of Eqs. (lAlb and (IA2b . 



<t) = a(0) 



1 + E 



9 k- 



,ht{uj2 -^k) -it 



UJ2 - Wfc 



-iuj2t 



-^9kPk{0)h't{^2 -^k)e 



-iuj2i 



(A7) 



and /3fe(t) given by Eq. ( fTbl i. 
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